We investigate the nonlinear boundary value problem (BVP) that is derived from a similarity transformation of the Navier-Stokes equations governing fluid flow toward a stretching permeable cylinder. Existence of a solution is proven for all values of the Reynolds number and for both suction and injection, and uniqueness results are obtained in the case of a monotonic solution. A priori bounds on the skin friction coefficient are also obtained. These bounds achieve any desired order of accuracy as the injection parameter tends to negative infinity.
Introduction
The fluid dynamics of radial stagnation flow on a cylinder were first reviewed by Wang [1] . Since then there have been a number of extensions to the problem that incorporate various physically relevant phenomena. For example, Cunning et al. [2] considered rotation of the cylinder in addition to the suction or injection of a fluid through the bounding surface. Studies of radial stagnation flow toward a stretching cylinder were first performed by Crane [3] and Wang [4] . For a general review of the similarity solutions to the various forms of stagnation flow that have been studied, see [5] . Recent work by Ishak et al. [6] has included the effects of suction or injection of fluid for flow toward a stretching cylinder. In this paper, we follow the formulation of [6] and obtain existence and uniqueness results for their model. We also obtain a priori bounds on the skin friction coefficient.
The results on existence of a solution to this problem are similar to those for the case of an unstretched cylinder investigated by Paullet and Weidman [7] . However, some of the fundamental details of the argument differ and are presented here for completeness. Also our results show that there cannot be more than one monotonic solution for all values of the parameters. The results of [7] did so for only a limited range of parameter values. We note that the existence or nonexistence of nonmonotonic solutions remains an open question. Finally, the current work obtains much stricter bounds on the skin friction coefficient.
The similarity transformation of the Navier-Stokes equation for this problem leads to the boundary value problem 
where R > 0 and −∞ < γ < ∞. Here the Reynolds number R and the dimensionless wall transpiration rate γ are defined
in which c is the strain rate of the oncoming radial flow, a is the cylinder radius, ν is the kinematic viscosity of the fluid, and U 0 is the radially inward wall transpiration velocity as depicted in Fig. 1 . With this notation, γ > 0 corresponds to wall suction and γ < 0 corresponds to wall injection.
Existence
To investigate the existence of a solution to this BVP we will study a related initial value problem (IVP), namely Eq. (1.1) subject to boundary conditions (1.2)-(1.3) along with f (1) = α, (2.5) where α is a free parameter corresponding to the skin friction coefficient. We will denote the solution of the IVP by f (η; α). Occasionally the dependence on α will be dropped for notational convenience. By standard theory for initial value problems, this IVP will have a unique solution, at least locally. Using a topological shooting argument, we will show that α can be chosen so that f (η; α) exists for all η > 1 and also satisfies Eq. (1.4), giving a solution to the BVP. Toward this end, consider the two sets,
The next two lemmas will show that these sets are non-empty and open.
Lemma 1. The set A is non-empty and open.
Proof. First note that 
and a subsequent integration by parts yields
We will show that there are values of α < 0, namely α large in magnitude, such that f will equal 0 in the interval (1, 2] , say, strictly before f = 0. Suppose that this assertion is false, and consider the following cases.
Choosing α < −2 − 4R − 2Rγ yields f < −1 on (1, 2] and therefore f (2) < 0 contradicting the assumption that f > 0 on (1, 2] .
Using these bounds in Eq. (2.8) results in Since f is bounded below and decreasing, f (∞; α * ) = C exists where 0 C < 1. We now show that we must have C = 0. We begin with the supposition 0 < C < 1. Since f < 0 for η > 1, f is bounded below by C > 0, and so, f tends to positive infinity. Thus the term f f is eventually negative. From Eq. (1.1), we have
for η large enough. Thus there exists a point η 2 > 1 such that for η > η 2 we have
Dividing by η and integrating results in 
Uniqueness results
In this section we prove the following: 
which is a contradiction. Thus v cannot have a maximum and therefore v = ∂ f /∂α > 0. 
which is a contradiction. 2
Bounds on skin friction coefficient
As a quantity of physical interest, we now derive bounds on the skin friction coefficient f (1) = α * . Since f (η; α * ) cannot have a maximum, any solution of the BVP must satisfy f (1; α * ) = α * < 0. Next we claim that in order for a solution to satisfy the boundary condition (1.4), we must have 
and evaluating Eq. (4.14) at η 3 yields where 
Table 1
The values of the skin friction coefficient f (1) for R = 1. Thus f (iv) must decrease through 0 at some point η 6 . Differentiating Eq. (4.14) and evaluating at η 6 results in
If f (η 6 ) = 0, we get an immediate contradiction. If f (η 6 ) = 0, then analysis similar to that given above yields f (vi) (η 6 ) = 0 and f (vii) (η 6 ) > 0. Thus f (iv) will be positive on a right interval of η 6 , not negative as required, and we conclude that 
We have provided a graphical representation of these bounds in Fig. 2 for R = 1. Note that both bounds converge to zero, and thus, the skin friction coefficient converges to zero as the injection parameter approaches negative infinity. Our results corroborate the remark in [6] that an increase in injection reduces the skin friction coefficient. In Table 1 
(4.23)
Note that the left-hand side of Eq. (4.23) is an increasing function. Thus the right-hand side is increasing, and in particular,
2 is increasing since the term
3 is decreasing. Since f (η; α * ) is a solution to the BVP, we have
2 is increasing and bounded above by 0, its limit as η → ∞ exists.
Next suppose that the limit is L = 0. Since lim η→∞ f (η) = 0 and −η( f (η))
Since the right-hand side of Eq. (4.23) is increasing, we have
or, ignoring the positive term on the left and multiplying by −1,
Further algebra results in
and since the first factor on the left is negative, we must have
Integrating this inequality results in , then α * < − 
Recall that the existence of solutions where f (η; α * ) becomes negative remains an open problem. However, if such solutions exist, a useful bound on the skin friction coefficient is obtained in Theorem 4 below. The proof of this bound will require two lemmas. 
we conclude that
Thus f is bounded below and decreasing for η > η 7 , and so,
where L is finite. This results in
(4.25)
Thus for all > 0, there existsη > η 7 such that
for η >η. , then 
Furthermore, we have
since both terms on the right are negative, and so,
(4.33) , then α * < min{− 2R 3 , −Rγ }. . 2
Conclusions
In this paper, we have studied radial stagnation flow toward a stretching cylinder with wall transpiration. We have shown that there exists at most one monotonic solution for all values of the parameters by using a topological shooting argument where the shooting parameter, f (1) = α, corresponds to the skin friction coefficient. However, we have not been able to From our analysis, we have been able to determine useful bounds on the skin friction coefficient. In particular we have determined that these bounds become arbitrarily narrow and that the value of the skin friction coefficient approaches zero as the injection parameter (γ < 0) approaches negative infinity. Also, in the case of suction (γ > 0), we have shown that the skin friction coefficient becomes arbitrarily large in magnitude as the Reynolds number R goes to infinity.
